Abstract. Extending work of Aschbacher and Guralnick on abelian quotients of finite groups, in this paper we show that if G is a primitive permutation group on a set of size n, then any nilpotent quotient of G has order at most nˇand any solvable quotient of G has order at most n˛C 1 , whereˇD log 32=log 9 and˛D .3 log.48/ C log.24//=.3 log.9//.
Introduction
In [1] , Aschbacher and Guralnick studied the maximum abelian quotient of permutation groups and linear groups. They showed the following results.
(1) If G is a primitive permutation group on a set of finite order n, then jG W G 0 j Ä n:
(2) If G is a permutation group on a finite set of order n > 2, then jG W G 0 j Ä 3 n=3 < 2 n 1 :
(3) Let V be a finite-dimensional vector space over a finite field of characteristic p and G be a subgroup of GL.V /. If O p .G/ D 1, then jG W G 0 j < jV j.
In this note we consider the natural question of what one can say about the maximum nilpotent quotient or maximum solvable quotient in the same context.
Let G be a finite group. We write G for the normal subgroup of G such that G=G is the maximum nilpotent quotient, and we write G S for the normal subgroup of G such that G=G S is the maximum solvable quotient. Leť By a result of Pálfy (see [11, Theorem 1] ) it follows that the bound on jG W G S j is the best possible. Also, the bound on jG W G j is the best possible by the following example. The group G is a permutation group of degree 9, G Š H Ë V where
Theorem 2. Let G be a permutation group on a finite set of order n. Then
This generalizes two results of Dixon [3] .
Theorem 3. Let V be a finite-dimensional vector space over a finite field F of characteristic p and G be a subgroup of
Theorem 3 may be viewed as the generalization of [9, Theorems 3.3 and 3.5 (a)] (which originally appeared in [13] ); [9, Theorem 3.3] is the best possible as the following example shows us: the group G Š GL.2; 3/ o S 4 acts on the vector space V D F The general structure of the proofs of our main theorems is similar to the corresponding proofs in [1] . Theorems 2 and 3 are needed to prove Theorem 1. The proof of Theorem 2 depends on [10] which itself depends on the Classification of Finite Simple Groups. Theorem 3 depends on the Classification of Finite Simple Groups as well (one needs to know the relative sizes of outer automorphism groups, degrees of permutation representations, and dimensions of modules).
We remark that after publishing a preprint of this note on the arXiv, L. Pyber kindly informed us that not all of the results above are new. In fact, in [12, Theorem 2.10] he states that the product of orders of abelian composition factors of a primitive subgroup of S n is at most n˛C 1 = which implies our bound for jG W G S j in Theorem 1. However, a proof of this result has not yet appeared in the mathematical literature, and since our proofs of the bounds for jG W G S j and jG W G j run simultaneously and the paper would not get much shorter by skipping the jG W G S j-bound, we have decided to still include our proof for that bound.
On nilpotent and solvable quotients of primitive groups 555 Similarly, Pyber and Guralnick also proved the counterpart for completely reducible subgroups of GL.V / in the more general version on abelian composition factors, but again this has not appeared in print so far. Furthermore, the bound on jG W G S j in Theorem 2 follows from the more general [4, Theorem 5 .8B], which again obtains the same bound for the product of orders of abelian composition factors in a permutation group, but since the proof of our result is short, we have left it in as well.
The reader also may compare our results with [5, Theorem 1.2].
The results of Aschbacher and Guralnick were motivated in answering a question of Tamagawa about field extensions, which was prompted by [7] . This was first observed by D. Cantor in the following form: If˛andˇare conjugate over a field K, then any abelian extension L=K with L K.˛;ˇ/ satisfies jL W Kj Ä jK.˛/ W Kj: Similarly, the field theoretic version of Theorem 1 is:
If L=K is a solvable extension with L contained in the normal closure of M , then
Proofs
In order to prove the main theorems, we need the following three results.
Lemma 2.1. Let D G ! A be a surjective group homomorphism and let K be ker . Then
Proof. The proof of the lemma is elementary and follows along the same lines as [1, (2.1) and (2.2)].
Theorem 2.2. Let G be a group which is not cyclic of prime order. Then G has a proper subgroup H such that jH j > jGj 1=2 .
Lemma 2.3. Let G > 1 be a finite group and V be a finite irreducible faithful
Proof. Clearly, .GV /=.G V / is nilpotent, so .GV / is a subgroup of G V . Also clearly, G is a subgroup of .GV / , so it remains to show that V is a subgroup of .GV / . Let W D V \ .GV / . We want to show that W D V and, working towards a contradiction, assume W < V .
Since G acts on W and V is irreducible, we conclude that W D 1. Therefore .GV / and V are normal subgroups of GV which have trivial intersection. Hence OE.GV / ; V D 1, and as V is a faithful G-module, this implies that .GV / Ä V . So as W D 1, altogether we get .GV / D 1, so that GV is nilpotent. As V is a faithful G-module, this forces GV to be a p-group, where p is the characteristic of V . But a p-group does not have a faithful irreducible module in characteristic p, so GV D V , a contradiction.
Theorem 2.4. Let G be a group of permutations on a set of order n. Then
Proof. First note that by [6, III, Satz 3.10], there exists a nilpotent subgroup U of G such that G D G U , so it suffices to show that jU j Ä 2 n 1 for any nilpotent subgroup of S n . This follows immediately from [3] .
Theorem 2.5. Let G be a primitive permutation group on a set of order n. Then
Proof. By [10, Corollary 1.4], we know that G either contains A n or is one of the groups in the exceptional list. If G contains A n , then jG W G S j Ä 2 Ä n 1 . If G is one of the groups in the exceptional list, it is easy to check by inspection that it satisfies the requirement.
Theorem 2.6. Let G be a group of permutations on a set of order n. Then
Proof. The proof is by induction on jGj. First suppose that G is intransitive on .
If not, write D 1 [ 2 for nonempty subsets i of such that G permutes 1 and also 2 . Write n i D j i j for i D 1; 2; so clearly n 1 C n 2 D n. Let L be the kernel of G on 1 , so that L acts faithfully on 2 . By induction we then have j.G=L/ W .G=L/ S j Ä n 1 1 and jL W L S j Ä n 2 1 , and so with Lemma 2.1 we get jG W G S j Ä n 1 1 n 2 1 D n 2 < n 1 , as desired. So now we may assume that G is transitive on . 
At this point by Theorems 2.4 and 2.6 the proof of Theorem 2 is complete.
Lemma 2.7. Let L be a finite nonabelian simple group and M be a proper subgroup of L with jL W M j D k.
(ii) 2jOut Lj < kˇ, jOut Lj < k˛< jLj˛= 2 and 2jOut Lj < p jLj.
Proof. This follows from [1, Lemma 2.7] and Theorem 2.2.
Proof of Theorem 3. Let .G; V / be a minimal counterexample, that is, a counterexample with jV j minimal and then jGj minimal. Claim 2.1. Clearly, G is nonabelian. Claim 2.2. The group G acts irreducibly on V .
Proof. If not, choose subspaces
So we can assume V is a semisimple module. Let U be an irreducible submodule where is the representation of G on U . Thus if K D ker , jG W G Kj Ä jU jˇ=2 and jG W G S Kj Ä jU j˛= . Since O p .K/ D 1, K acts faithfully on V =U . So by minimality,
whence by Lemma 2.1 we get jG W G j Ä jV jˇ=2 and jG W G S j Ä jV j˛= .
Claim 2.3. The group G is primitive on V .
T. M. Keller and Y. Yang
Proof. If not, there is a nontrivial decomposition V D L i V i with G permuting X D ¹V 1 ; : : : ; V r º and N G .V 1 / acting primitively on V 1 . Let be the permutation representation of G on X and K D ker . Furthermore, set K 0 D K and
We next observe that O p .K i / D 1 for i D 0; : : : ; r. This follows by an easy induction: If k D 0, then
by hypothesis, and if we already know that O p .K i / D 1 for some i 2 ¹0; : : : ; r 1º,
where W is a K-irreducible subspace of V 1 . Thus So we are done in this case and indeed now may assume that m D 1, i.e., D acts irreducibly on V . Hence the faithful representationˇmentioned above is an embedding of K into the cyclic group GL 1 .E/ Š E which shows that K D C G .D/ is cyclic.
Let T be a maximal normal cyclic subgroup of G. If T D C G .T /, then we have G Ä .V / and jGj divides n.p n 1/ (where jV j D p n ). It is clear that n.p n 1/ Ä p n˛= for all p; n. It is also clear that n.p n 1/ Ä p nˇ= 2 for all p; n except when p D 2, n D 2; 3; 4; 5. For all those small cases, one can see that .V / is not nilpotent, thus jG W G j Ä n.p n 1/=2 Ä p nˇ= 2.
Thus we may assume that Proof. This follows from Claim 2.7 and the minimal choice of D.
Claim 2.9. Condition (2) in Claim 2.8 holds.
Proof. Assume condition (1) Proof. Clearly, q > jT j. Since V is a faithful D-module and P Ä D is extraspecial, the inequality jV j q p w holds. Since Aut P V Z.D/ (where Aut P V is the set of automorphisms of V which commute with the action of P on V ), we see that q Á 1 mod p.
Proof. Any automorphism of D which is trivial on Q D must be inner. Now G acts irreducibly on Q D. Since D Ä G Z.D/ by Lemma 2.3, it follows by the minimality of .G; V / that
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Also,
For this special case, one may check the result by direct calculation.
Lemma 2.8. Let G be a primitive permutation group of degree n on a set . Then one of the following holds:
(i) G preserves an affine structure on ,
(ii) jG W G j Ä nˇ=2 and jG W G S j Ä n˛= .
Proof. Assume G does not preserve an affine structure on . First consider the case where Proof of Theorem 1. Let G be a primitive permutation group on a set of finite order n. By Lemma 2.8, G preserves an affine space structure on . Therefore 
